Abstract. We present an enhanced moment-closure approximation to the finite-extensiblenonlinear-elastic (FENE) models of polymeric fluids. This new moment-closure method involves the perturbation of the equilibrium probability distribution function (PDF), which takes into account of the drastic split into two spikes and centralized behavior under the large macroscopic flow effects. The resulting macroscopic system includes the moment-closure equations, the momentum (force balance) equations, as well as an auxiliary equation representing implicitly the dynamics of the spikes for the microscopic configurations. It also inherits the energy dissipation law from the original macromicro models. Through numerical experiments, we demonstrate the accuracy and robustness of the moment-closure system for some special external flow with a wide range of flow rates.
1. Introduction. The multiscale multiphysics (micro-macro) models [1, 2, 10, 11] for the viscoelastic flow of rheological complex fluids are described through the coupling of the macroscopic continuum mechanic theory [6] with the microscopic kinetic theory. These multiscale coupling and interactions result in many complicated, however important properties of polymeric fluids: the macroscopic flow/deformation will affect the microscopic structure through kinematic transport; while the averaging (coarsening) effects of the microscopic level molecular configurations such as stretching and orientation will affect the macroscopic stress through the induced elastic stresses.
A common practice for modeling the contributions of the molecular properties to the macroscopic quantities is to describe/approximate them in terms of the moments of the distribution of molecular configurations. In such procedures, different kind of closure criterion are usually involved. Many standard moments expansion schemes are in fact based on some approximations of probability distribution functions (PDFs) near Gaussian distributions. Due to this nature, they can only be applicable to Hookean dumbbell models, which gives the usual Oldroyd-B models [1, 15] . For models with other microscopic potentials, different closure approximation which incorporate more detailed information on the PDFs are needed. For instance, in the finite-extensible-nonlinear-elastic (FENE) dumbbell model [1, 2] , one can easily find that the equilibrium configuration is a distribution in form of an algebraic (power) function, even though a Gaussian-like exponential functions are employed in many other approximations. Moreover, when the extensional flow rate is large, the PDF may develop more concentrated spikes that increase in magnitude and shift in positions as elaborated in the Appendix B of this paper. In order to model such phenomena and to obtain macroscopic closure systems, methods such as FENE-P, FENE-L, and FENE-LS [14, 21] were proposed. The FENE-P model is derived by the canonical distribution function in terms of δ-functions [14] . As its enhancement in computational point view, FENE-L and FENE-LS models combine the Heaviside step and Dirac δ-functions for the distribution functions far away from the equilibrium configurations. Another systematic method for deriving families of distribution functions is proposed in [9] . These moment closure models can be readily implemented but they also have notable limitations, with some only representing one-parameter probability distributions and some having limited range of fidelity even for small flow rates. Moreover, little attention was paid to the preservation of the energy dissipation laws for the resulting systems in deriving closure approximations.
The main interests in the previous research [22] are on the near equilibrium situations with small flow rates. The moment-closure subspace was chosen according to a PDF which is the equilibrium solution of the Fokker-Planck equation [22] . It was shown that the resulting system, which is referred as FENE-S closure in this paper, inherits the energy dissipation law from the original system. Numerical simulations showed that the solution of the FENE-S model agrees well to that of the original FENE model in case of moderate flow rates. Moreover, such a closure procedure allows the natural incorporation of additional modes to increase the range of validation and accuracy [5] . Since FENE-S is basically obtained by an approximation, the PDF has negative value in some microscopic configuration region. A post-processing scheme, referred as FENE-SM, was also introduced to enhance the positivity of PDF in [8] .
As a direct follow-up of the works [5, 22] , we present here an enhanced (hybrid) closure method to take into account the presence and evolutions of the spikes of the PDF in the large flow rate cases. In particular, since the peak positions of the spikes depend on the macroscopic flow field and change in time, we also include an extra auxiliary equation in our macroscopic closure system. The new, enhanced momentclosure system, which is named FENE-D system, still satisfies an energy law and includes several variants based on different implementations. In various numerical experiments, we demonstrate that the enhanced hybrid systems are more accurate than the previous methods, such as the FENE-P and FENE-S model [22] , and they are applicable to the large flow rate situations.
We want to stress that the new closure method enjoys a number of advantages. First of all, it is a hybrid model and captures/incorporates the microscopic PDF profiles for both small (zero) flow rates and large (infinite) flow rates cases. Secondly, the coefficients in the PDF ansatz can be analytically represented in terms of the moments (3.7)-(3.9), which can be expressed in terms by the stress. From this point of view, our method can be viewed as a closure method in terms of the physical quantities (stresses in this case). Finally and most importantly, the new closure models still inherit the original energy laws of the original micro-macro models.
For convenience of making simple references, we use the following notations for the several FENE-D models discussed here: FENE-DS refers to (3.10)-(3.14) with a stationary α; FENE-D i is the system (3.10)-(3.14) with α being the dynamic solution of (3.24)-(3.25) and the subscript i indicates the use of numerical integration in (2.4) for computing the stress τ p ; and FENE-D α is the same system as FENE-D i except an approximation (3.30) is adopted in the integration (2.4) for the stress τ p .
An outline of this paper is as follows. In the next section 2 we recall the micromacro FENE model and some related results. The new equations for the closuresystem and the corresponding new FENE-D moment-closure system are driven in section 3. In section 4 we verify the new closure model through various numerical experiments. In particular, we explore the accuracy of the PDF and different average quantities, such as various stress tensors. Finally, we give conclusions in section 5 and provide some appendices.
2. The Micro-Macro Models for Polymeric Fluids. Let Q be the microscopic configuration between two beads connected with FENE spring and Ψ(Q) be a spring potential where Q = | Q|. For simplicity, we will only consider the 2-dimensional space. One can easily extend our method to the more general 3-dimensional space. From the micro-force balance law with the spring potential we obtain the microscale Fokker-Planck equation using the separation of the time-scale, the thermo-fluctuation, and an infinitesimal quasi-static Brownian motion effect in the microscopic configuration field. Using the deformation of configuration field Q in macroscopic flow field x with the Cauchy-Born type of kinematic assumption, we obtain the following hydrodynamic system coupled with a incompressible momentum equations for macroscopic flow field u = u(x, t) and the Fokker-Planck equation for microscopic molecular PDF, f = f ( x, Q, t), with molecular configuration field Q by [1, 18] under the assumption of suitable initial and boundary conditions:
where τ p is the induced stress from the microscopic configurations representing the polymer contribution to stress,
4)
P is the hydrostatic pressure, ν is the fluid viscosity, ζ is Deborah number that characterizes the microscopic relaxation time vesus the time of observation, and λ is the polymer density constant. For the FENE model, the FENE spring force is given by
, where Q 0 is the maximum dumbbell extension, that is | Q| = Q < Q 0 , and H is elasticity constant. In FENE spring potential the nonlinearity acts a crucial difficulty on obtaining an exact macroscopic constitutive equation for the polymeric stress τ p . We apply the moment-closure approximation procedure and approximations of the stress τ p to overcome this difficulty.
Remark 2.1. In the derivation of Fokker-Planck equation (2.3), we consider Rouse-type model [20] , but not Zimm-type model [23] . This implies that we neglect the hydrodynamic interaction between two beads in the spring dumbbell model. Thus, the so called Rouse tensor is a scalar multiple of the identity matrix, and the hydrodynamic interaction tensor is neglected [17, 19, 23] .
The approximation procedure begins with the approximation of PDF, f , obtained by the observation of the equilibrium solution [5, 22] , f eq = 1 Jeq e − Ψ kT , to the FokkerPlanck equation without flow field. The next step is the formal evaluation of the integrations related to the second order moments and the stress τ p in the following equations that are obtained by the modification of (2.3) with Q 2 , Q 2 1 − Q 2 2 , Q 1 Q 2 , and the incompressibility of 2-dimensional flow :
where
The approximated PDF f is given by the following ansatz in 2-dimensional molecular configuration field :
where J b is an normalizing factor and b, β, γ are unknowns related to the second order terms of Q. Since Q 0 is the maximum dumbbell extension, it is natural that the PDF, f a , is zero for Q ≥ Q 0 . Following this approximation, the FENE-S closure model can be established [22] (with the letter S representing a single peak implicitly built in the ansatz of f ), and the resulting PDF shows excellent agreement with the original FENE model for small flow rates. On the other hand, if the flow rate is large, the FENE-S approximation loses its accuracy. The limitation is expected as under large flow rate, the time independent solution to the Fokker-Planck equation has two regions of higher concentration near the boundary of the configuration domain (i.e., with double peaks), rather than the single peak in the center as that in the equilibrium solution with zero flow rate. One can find a discussion about this limitation in [24] . Also, there is an issue of preserving positivity of PDF (2.9) which is caused by the approximation of PDF. Attempts to alleviate the discrepancy have been proposed in [5] by adding higher order terms in the ansatz (2.9) . This high order model provides excellent results for much higher flow rate cases, but at a higher computational cost as the number of extra equations added to moment-closure system is the same as the number of added higher order terms in the ansatz. Alternatively, one may also consider the use of the full generalized canonical distribution [9] (from the maximum entropy principle) but this implies higher computational costs [5, 22] . We are thus led to consider the issue of how to get an approximation of the PDF which captures well the behavior like the double peaks and with less modeling complexity and computational efforts.
To better capture the δ-function like spikes in the PDF of FENE model, we introduce an extra variable, α, which measures the peak positions of PDF. Notice that the solutions of the Fokker-Planck equation are not exact δ-functions in general flow rate cases. The desired PDF model can be obtained by incorporating this new peak position variable into the model (2.9). The flow dependence nature of α necessitates an extra evolution equation. The combination of the new variable and the PDF (2.9) forms the new moment-closure system that is capable of providing accurate approximation for both small and large flow rate cases and also allowing to dynamically keep track the positions of the near the position of the spikes in time.
In the next section, we will present this enhanced PDF ansatz with the additional position variable and the corresponding moment-closure system.
3. The enhanced PDF ansatz and associated moment-closure system. Let Q = (Q 1 , Q 2 ) and α = (α 1 , α 2 ) both represent vectors in the 2-dimensional microscopic configuration field, and u = (u, v) is a 2-dimensional macroscopic flow field. In the following derivation, we start with the same notation b, β and γ as unknown variables for the new PDF ansatz as in (2.9), and use a new variable α to indicate the position of the peaks of the distribution function. The new class of the distribution function f , which is capable of tracking the behavior of FENE models like δ-function, is of the form:
Note that the constant J b , as used in the definition of f a , is redefined to be the normalizing factor such that
is a scaling factor which is used to prevent the argument of f a from exceeding the maximum extension length Q 0 , moreover, f a ( Q ± α)p is taken to be zero outside the domains
A few comments are in order. In comparison with the rich literature on existing moment-closure schemes for the FENE model, (3.1) draws similarities, in terms of the shape of the PDF it resembles, with a number of other approaches such as the use of two singular δ-functions [13] . The latter has led to simple closure schemes, but we note that it cannot recover the equilibrium PDF. Similarly, the traditional use of the standard Gaussian profile which, although being popular probabilistic distributions, also are not consistent with the equilibrium PDF. On the other hand, as a simple observation of above equation, if α 1 = α 2 = 0 then the distribution (3.1) is the same as the PDF (2.9). This means that we expect that the new distribution contains the ansatz (2.9) as a special case. The present ansatz given by (3.1) can be seen as a natural extension of (2.9) and it can recover the equilibrium PDF which offers a distinct advantage.
3.1. Closure with known peak variables. One of advantages of the approximation (3.1) is that, as in [22] , we can determine the parameters, b, β, γ, by the
2 >, and M 3 =< Q 1 Q 2 > of the PDF (3.1) and α 1 , α 2 . We first treat the variable α = (α 1 , α 2 ) as known quantities, then an analogous derivation to that in [22] can be made, with the help of the change of variables of Q
and the symmetric property of f ,
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3) 4) and the explicit form of the normalizing factor J b is
The calculations of the second order moments and J b involve the following well-known, however very useful identity in our derivation of the closure system:
where B(x, y) = Γ(x)Γ(y)/Γ(x + y) and Γ(x) is the gamma function. Notice that the validity of (3.5) depends on the positivity of b. Conversely, with simple direct calculation, we can determine the parameters b, β, γ by the variable for peak position α and the second order moments (3.2)-(3.4):
Thus, in light of (2.6)-(2.8), we obtain the closure-system for the original multiple 6 scale system (2.1)-(2.3) as follows:
Here, the tensor τ p as given in (2.4) is calculated using the ansatz (3.1) for the PDF, with the peak positions ± α given, and the coefficients b, γ and β determined by (3.7)-(3.9). This system is called the FENE-DS system, where the letter D is in reference to the fact that the ansatz of the PDF is implicitly taking the shape of double peaks and the letter S stands for the fact that those peaks are stationary (with given α). The FENE-DS system is implicitly closed by itself since the second order moments along with α completely determine the PDF and thus the corresponding τ p . Of course, we can only consider it as closed practically if we can efficiently compute the tensor τ p in the system (for instance by numerical evaluations either on-the-fly, or more feasibly, off-line).
Note that the numerical evaluations of τ p with the FENE-DS system seem to be directly dependent on the configuration vector, Q, but in fact, the FENE-DS system is independent of the configuration variable because the stress tensor τ p is expressed only in terms of b, β, γ which can be changed to the macroscopic moments, M i , i = 1, 2, 3, with numerical evaluation being performed once for the coefficients b, β, γ. Moreover, because of the nonlinearity of ∇ Q Ψ, we can provide several analytic forms of τ p using approximation of ∇ Q Ψ.
An analytical approximation to the integrals in configuration field.
In the case of (2.9), it is easy to get explicit forms of the integrals involving ∇ Q Ψ in (2.6)-(2.8) [22] . The new distribution function (3.1) brings some extra difficulty due to the new variable α. We overcome this obstacle by taking an approximation of ∇ Q Ψ by the Taylor series approximation and in turn calculate the τ p in terms of the ∇ Q Ψ.
First, we take the approximation of ∇ Q Ψ as follows:
Notice, it is very useful to show a derivation of the analytical moments, stress tensor, and energy law of the system for small flow rate cases, but this approximation is only valid for small flow rate cases. As we will see in the later derivation, we will present an approximation (3.26) of ∇ Q Ψ different from (3.15) for more large flow rates cases including the derivation analytical stress tensor, and energy law of the system. We point out although we use these simple approximation cases of ∇ Q Ψ in deriving the analytical stress tensor, and energy law. In simulations we can simply evaluate these values numerically without the approximation of ∇ Q Ψ. With this approximation (3.15), we can easily calculate the integrations related to τ p in (2.6)-(2.8):
Also, we can obtain an expression of the induced polymer stress τ p in terms of the second moments,
The above expressions (3.16)-(3.19) involve some 4th order moment terms due to the approximation of the FENE spring force (3.15) . A direct computing shows that higher order moments, including the 4th order moments, than the second order moments can be expressed by M 1 , M 2 , M 3 , and α 1 , α 2 . More precisely, since it is assumed that α 1 , α 2 are known ones, one can see the one-to-one correspondence between the second order moments, M 1 , M 2 , M 3 , and α 1 , α 2 , (3.2)-(3.4). Thus, all moments of PDF (3.1) which are higher than the second order moments can be expressed in terms of M 1 , M 2 , M 3 , and α 1 , α 2 . We present some detailed calculations of the 4th order moment in Appendix 5.
In equation (3.19) , we can separate the term,
, in the induced stress tensor τ p and absorb it into the pressure by defining
Then the new (trace free) stress τ p becomes
Decompose the τ p to the second order moments and the 4th order moments and change the 4th order moments by the second order moments and α 1 and α 2 , we get
Adding a diagonal matrix whose elements are
with suitable coefficient and using the equations (5.2), (5.3) in Appendix 5 we obtain the following explicit equation for the stress tensor (denoted also by τ p ):
Since we use an approximation of ∇ Q Ψ around origin in the above equation (3.22) we can see that this stress equation is accurate only around the origin of configuration field. If (α 1 , α 2 ) is very close enough to the origin, the form of τ p can be further reduced to:
This τ p in (3.23) is rather close to the corresponding stress for (2.9) derived in [5, 22] , with the diagonal components corresponding to the stress induced by stretching of the molecular configurations (normal stress difference) and the off-diagonal components corresponding to the stress induced by rotation or the shear stress. Thus, the resulting stress tensor τ p is really the reflection of the microscopic molecular behaviors in the macroscopic fields. Hence, applying the approximation of (3.15)-(3.18) and the stress form (3.23), we get an explicit closure system for the FENE-DS, analytically. This explicit form (3.23) is to be used later in the numerical simulations.
3.3. Closure with dynamically captured peaks. In general, we expect the near spikes present in the PDF to evolve in time and with respect to the flow conditions. Thus, they are not a priori known. In this case, based on the earlier discussion, we have all the moment equations for the moment-closure system except for the unknown variable α = (α 1 , α 2 ). First of all, we consider the situation after the splitting of two peaks of the PDF (3.1). To complete a closure system with dynamically changing peaks, we have to derive the equations for the variable α = (α 1 , α 2 ). The idea to obtain these equations comes from the fact that f remains an even function in Q, and that the first moments of Dirac δ-functions give precisely their peak position. Since the new distribution function is approximated by second order terms, .1), it preserves the symmetry under transform Q → − Q. The microscopic configuration domain also enjoys the symmetry under transform Q → − Q. So, the integrals of < Q 1 > and < Q 2 > in the whole domain would equal to zero. We thus consider the integration with Q 1 , Q 2 in a domain U H which is a half of the microscopic configuration domain. With the support of the PDF ansatz being confined strictly inside the configuration domain, the boundary terms vanish. Such a computation then leads to the remaining two equations needed to find α 1 and α 2 , which in turn complete a new closure system. More specifically, let us multiply (2.3) by Q 1 , Q 2 , integrate over U H and apply integration by parts, then we get the following equations, respectively, for each α 1 , α 2 :
The above equations, when coupled with (3.10)-(3.14), lead to a closed system: the FENE-D system (D stands for double peaks in the PDF ansatz, and that the locations of the two peaks are dynamically determined in the closure). For practical applications, the key for an effective closure model is to estimate such integrals efficiently, say, through analytic means. For this purpose an approximate form of the PDF can be used. While one may attempt to use an approximation of the form (3.15), such an approach works well for small flow rates. As we envision the situation of a more general PDF ansatz of the form (3.
close to Q 0 . In order to cope with this situation, we carry out a similar argument for the large flow rate cases when α 2 1 + α 2 2 is close to Q 0 . Again, we employ the Taylor series approximation of ∇ Q Ψ, however in the different form as (3.15):
where α = α 2 1 + α 2 2 . Now we consider the corresponding terms in (2.6)-(2.8) and the stress tensor τ p as follows:
Similar to the derivation of the equation (3.22) , by absorbing the following term into pressure:
and using the equations (A.2), (A.3) in Appendix A, we then obtain the stress (again denoted by τ p ):
in (3.1), we see that as α 2 1 + α 2 2 → Q 0 ,
With this, we may simplify the above τ p and finally get the expression:
Remark 3.1. For a velocity gradient of the form ∇ u = (κ ij ), i, j = 1, 2 in R 2 , from the reduced equation (4.1), the FENE-P model can be written as [21] ∂A ∂t − κA − Aκ
where A is the conformation tensor Q Q T and trA is the trace of A. The stress τ for the FENE-P model is given by
(3.32)
since trA = M 1 the normal stress is
Hence, The normal stress equation (3.30) of FENE-D is same as that of FENE-P with λH = 1. But actual values of the normal stress are different because of different closure system for the moments. The numerical results in section 4 will also verify this observation.
The above equation (3.30), when coupled with (3.10)-(3.14), (3.24) , and (3.25) form the new moment closure system which we name as the FENE-D α model. We note again that in numerical experiments, we can also use a numerical integration scheme instead of the analytic approximation to close the system (3.12)-(3.14), (3.24) , and (3.25), but the analytic approximation is certainly more efficient.
Before we end this section, we mention that one of the main novelty of the closure procedure adopted in this work, in contrast to the conventional ad hoc approaches, is that the resulting system from the new method preserves the overall energy law more closely. We recall that the original multiscale system (2.1)-(2.3) posses the following energy estimate with boundary condition, u = 0, on the boundary of macroscopic domain:
d dt
Remark 3.2. If we consider the equilibrium solution f ∞ = e −Ψ/(kT ) without normalizing, then we have the following entropic form of the energy from (3.34):
Thus, we can easily find the elastic energy Ψf d Q of dumbbell model has the entropic origin in this form. And the elastic energy is dominant in viscoelastic flow. In this point of view, sometimes, the energy (3.34) is called "free energy".
As for the macroscopic system (3.10)-(3.14) and (3.24), (3.25), with τ p in explicit form as (3.22), we multiply (3.10) with u and (3.12) with the coefficient of the first matrix in (3.22) . We will also multiply (3.24) with α 1 and coefficient of the second matrix, multiply (3.25) with α 2 and the same coefficient. Adding all the results, and we will see that the moment-closure system, (3.24), (3.25), and (3.12)-(3.14), has an energy law which is similar to the free energy (3.34). With the expansion given in (3.30), the energy law corresponding to the approximation (3.26) can be simplified as follows:
d dt Remark 3.3. For small α 2 1 + α 2 2 , we can also easily get the energy law equation using the equation (3.23) . Moreover, the leading order term in G(M 1 ) for small α 2 1 + α 2 2 is also HM 1 /2.
Numerical Simulations.
In this section we perform various numerical experiments to validate/verify the new closure approximation via comparison with the FENE model and its other closures. We also illustrate the new feature of our new moment-closure approximation FENE-D that allows the capturing of the peak position α.
For the present study, we consider the spatially homogeneous situations, where the configuration field is independent of the microscopic spatial variables, that is, we consider the following Fokker-Planck equation derived via a standard scaling of (2.3):
in the open domain { Q ∈ R 2 | | Q| < Q 0 , Q 0 > 0}. In our simulations, the following values of the parameters are taken: kT = 1, H = 1 and Q 0 = √ 50. When κ is symmetric, for instance, for the case of a simple extensional flow u = (rx, −ry), the steady-state solution to the Fokker-Planck equation (4.1) is given by
where J eq is the normalizing constant. For flows corresponding to more general and non-symmetric velocity gradients, the Fokker-Planck equation has no analytic solution, we then compare the numerical results with those obtained by the direct numerical computation of the ChapmanKolmogorov (Fokker-Planck) equations.
In the computation of the closure equations for FENE-D α system, a Taylor series approximation (3.26) with Q 2 around α 2 1 +α 2 2 is used in getting the FENE-D α system. If the velocity gradient has the exact form of ∇ ij u = (κ ij ), i, j = 1, 2 in R 2 , for arbitrary fluid flow, then the corresponding moment-closure equations for FENE-D α system are given as follows:
3)
with additional equations for the α = (α 1 , α 2 ) position in the forms of,
Again, the detailed forms of the 4th order moments are given in the Appendix 5. Now the above gives a well defined closure system which may be solved numerically. In our implementation, the classical 4th order Runge-Kutta method is used. In order to make the presentation of computational results more organized, we hereby give a summary of the various cases considered and various forms of results presented. First, the simulations are performed for different cases of flows. We start with the steady shear flow, where we mainly consider flow rates with κ 11 = κ 21 = κ 22 = 0 and κ 12 = r for 0 < r < 1. Then, we consider simple extension flow with flow rates κ 11 = −κ 22 = r and κ 12 = κ 21 = 0 for 0 < r < 3. For simple extensional flows, because of the nonzero peak position, the approximated analytic form of the FENE-DS obtained by the expansion about the origin is not appropriate for such cases, thus, results of FENE-DS are omitted in some of the computations there. For simple shear flows and other general flow conditions, the simplest way to set the prescribed value of α for the simulation of FENE-DS is to use the solution of α obtained by FENE-D α . This strategy is adopted in our simulation for convenience.
Steady State Shear Flow.
We start with the simple steady state shear flow situations, i.e., u = (ry, 0) where r is a constant shear rate. Then the homogeneous velocity gradient tensor κ = (κ ij ) is of the form κ 11 = κ 21 = κ 22 = 0 and κ 12 = r. In Figure 4 .1, we show the contour plots of PDF for which the small flow rates in units of ζ/4H are r = 0.1, 0.3, 0.5 respectively. The pictures in the first row are obtained by the moment-closure system FENE-S with the PDF (2.9), those in the second row are from the FENE-D system with the new PDF (3.1). We can see that the pictures on different rows are almost identical for the every columns because the new PDF (3.1) is almost the same as the PDF (2.9) if α is sufficiently small. .7). Since the numerical integration is computationally more expensive than analytic evaluation, we often only perform enough sampling to maintain a satisfactory accuracy of the estimated stresses. The induced stress τ p , normal and shear stresses, obtained from FENE-D i , FENE-DS, and FENE-D α , are plotted in Figure 4 .2. First, we find that the normal stress obtained by FENE-D i is close to that computed by FENE-S for small shear flow rate but worse than others for large flow rate. While the normal stress results obtained from the FENE-DS are comparable or better than others in certain flow region, this claim does not extend to the shear stress. The FENE-P is often viewed as an established benchmark for FENE type of models. In comparison, the normal stress in both FENE-S and FENE-D α for simple shear flow cases are better than that of FENE-P. The FENE-D α gives the best results for normal stress and performs well for shear stress, too.
Simple Extensional Flow.
We now consider a homogeneous planar extensional flow with the velocity u = (rx, −ry), and an extensional rate r, that is, the velocity gradient tensor κ is given by κ 11 = −κ 22 = r and κ 12 = κ 21 = 0. In these numerical simulations, it is interesting to see how well the peak positions of the equilibrium solution to the Fokker-Planck equation are captured for different extensional flow rates. We present several numerical results in Figures 4.3, 4 .5, 4.6 and Table  4 .2. To verify the equations (3.24), (3.25), we use the equilibrium solution (4.2) of the reduced Fokker-Planck equation to derive an analytic formula for the peak position Q Max = (Q 0 1 − 1/(2r), 0), for r ≥ 0.5 and Q Max = (0, 0), for 0 ≤ r ≤ 0.5 (with Q 0 being the maximum molecular stretch length).
First of all, we present results on the peak position in Figure 4 .3 using the FENE-D α model. In this figure the vertical axis gives the Q 1 or Q 2 coordinates for the molecular configuration, the horizontal axis shows extensional flow rates, and the solid lines indicate the analytic peak positions for Q 1 coordinate and dotted lines for Q 2 , and the circle and cross indicate coordinates of the numerical peak position respectively, computed via the moment-closure system (4. A much closer examination in a very narrow range of the extension rate reveals a loss of accuracy when the single peak is starting to split into two separate peaks. In such a narrow parameter range, due to the spreading pattern of the PDF, the actual peak in the numerical PDF also deviates slightly away from the α positions. We plot the PDF for r = 0.6 in Figure 4 .4 which shows that there exist two non-zero peaks although the numerical solution α is nearly zero. Nevertheless, the results are very good overall. Moreover, relatively speaking, the accuracy is better for large flow rates. This phenomena is not surprising as the new PDF is designed to capture the peak positions of the equilibrium solution so that the equations (4.6), (4.7) for the peak positions work well for simple extensional flow rate, especially for large flow rate.
We also present some numeric results in Table 4 .2, for the first coordinate α 1 of peak position α = (α 1 , α 2 ) to give more precise estimates. The result for α 2 is omitted as it is almost zero. In Table 4 .2, we see that the relative error converges to zero as the flow rate goes to infinity. Additionally, we present in Figures 4.5 and 4.6 the simulated PDF and the α positions for extensional flow rates r = 1, 2, Table 4 .1 Relative Errors for the α 1 of the peak point (α 1 , α 2 ) in simple extensional flow with the velocity gradient κ 11 = −κ 22 = r, κ 12 = κ 21 = 0. α 1,a is analytic solution and α 1,n is numerical solution using FENE-Dα. Some comparison results on the normal stress in the extensional flow case are given in the Figure 4 .7. The shear stress for the simple extensional flow is almost zero in pure extensional flows and is thus of little interests. The left picture in this figure presents normal stress for flow rate r, 0 ≤ r ≤ 1.0, and the right picture for 1.0 ≤ r ≤ 3.5. It is seen that the FENE-S has a good agreement with FENE for moderate extensional flow rate, 0 ≤ r ≤ 0.5, but for r ≥ 0.5 the FENE-S model has much lower normal stress than the others. Whereas for FENE-D i , the normal stress is also a good approximation to FENE and FENE-P for 0 ≤ r ≤ 0.3. Even for r > 0.3, the normal stress begins to deviate from the FENE, the accuracy is still comparable to FENE-P. As r gets bigger, such deviation is seen to be gradually getting smaller. For FENE-D α the normal stress results show an excellent agreement for the flow rates with 0 < r < 3.5. For flow rates corresponding to the right picture in Figure 4 .7, for instance, at r > 2.5, the PDF (2.9) in FENE-S cannot catch up with the behavior of FENE model in large extensible flow rate. On the other hand, the new PDF (3.1) in FENE-D, still works well even if the flow rate is larger than r = 3.5. The normal stress obtained by the new moment-closure system, FENE-D i is much more accurate than FENE-P, and FENE-D α is comparable to FENE-P. These phenomena can be explained by the accuracy of capturing of the peak solution in the new model, as the solutions of the Fokker-Planck behaves more and more like δ-functions when the flow rate is larger. In Appendix 5, a justification of this asymptotic behavior of FENE model is made with an asymptotic analysis of the equilibrium solution in extension flow. Additionally, here, we consider the dimensionless elongational (extensional) viscosity which is given by
where ν * is the elongational viscosity, λ H = ζ/4H, and ε * is the elongational flow rate, which is related to the macroscopic velocity gradient ∇ u = ε * diag(1, −1), a diagonal matrix in 2-dimensional space. One can find an expansion of the elongation viscosity in [2] , and its limits are given by
where the parameters used are again kT = 1, Q 0 = √ 50 and λ H = 1. The numerical results for the elongational viscosity are presented in Figure 4 .8, and its time-dependent behaviors in Figure 4 .9 for the dimensionless elongational rates λ H ε * = 0.1 (left), and λ H ε * = 1.0 (right), Figure 4 .10 for λ H ε * = 10.0, where t/λ H is the dimensionless time. In 4.8, the results obtained from FENE-D α show good agreement to FENE. The limiting behaviors (4.9) as λ H ε * → 0 or λ H ε * → ∞, and the dramatic increasing aspect of FENE model around the elongational rate λ H ε * = 0.8 are well-captured. However, the simulation of this solutions around λ H ε * = 0.8, FENE-D α is closer to the original FENE and better then FENE-P. For large elongational rate, λ H ε * > 2, both FENE-D α and FENE-P capture the dynamic trends of the system. The numerical results in Figure 4 .8 are also consistent to those given in [16] .
For the small rate, λ H ε * = 0.1, the left picture in Figure 4 .9, FENE-D α and FENE-P show a good agreement in small time, and then FENE-D α deviates after t/λ H = 1, and FENE-P after t/λ H = 3. The right picture in Figure 4 .9 for the relatively moderate rate case, λ H ε * = 1, shows that FENE-D α is better than FENE-P for t/λ H > 1.1. In Figure 4 .10 for the large elongational flow rate, λ H ε * = 10, FENE-D α shows a similar behavior to FENE-P. Both FENE-D α and FENE-P show an excellent agreement with longtime behavior (steady state) even though these reach the steady state faster than FENE, which is a similar behavior for the large elongational flow rate in [16] .
Note that since the auxiliary equations, (3.24), (3.25) related to the position of spikes for FENE-D are derived under the separation situations of spikes, FENE-D model needs a proper initial guess for the large extensional flow rates. As long as the flow rates are small, FENE-S model has a good agreement [22] . The result of FENE-S at certain time could be a reasonable candidate for the configuration of FENE-D model at the time in its time evolution behavior. Using the second order moments of FENE-S we can recover the PDF (2.9) of FENE-S [22] . Thus, it is easy to compute the spike positions as the extreme points of the PDF (2.9) of FENE-S. We compute a few steps of FENE-S up to near the separation of spikes, and then use the resulting second order moments, M 1 , M 2 , M 3 , and the spike positions, ± α for FENE-D α . In Figure 4 .9, 4.10, we use the result obtained from FENE-S at the time t/λ H = 0.15, which is one of choices near the separation of spikes, for time-dependent simulations, consistently.
Large Flow Rates.
One key advantage of the current closure procedure is its capability to handle the large flow rate situations. In this section, we describe 20 normal and shear stresses for even larger flow rates than those considered in earlier examples. For the shear flows whose rates are κ 11 = κ 22 = 0, κ 12 = r, κ 21 = −5, 5 ≤ r ≤ 40, the numerical results are given in Figure 4 .11. Since the numerical solutions of α are almost zero within machine error in these simulations, the PDF can be recovered by (2.9) with the moments obtained by (3.12)-(3.14) as well as the (3.1).
For the normal stress in the shear flows whose numerical results are in the left picture of Figure 4 .11, we see that the normal stress of FENE-P, FENE-DS, FENE-D i , FENE-D α for r = 5 are almost the same as that of FENE. This is because the flow rates, κ 11 = κ 22 = 0, κ 12 = −κ 21 = 5, correspond to a pure rotation, and the resulting systems are fairly stable in such conditions and can be accurately modeled. But the normal stress results after r = 10 begin to deviate. For the normal stress, FENE-P, FENE-D α generally have a better agreement to FENE than the others, FENE-DS, FENE-D i . Moreover, when r = 40, we can find that FENE-D α is better than FENE-P.
For the shear stress in the simple shear flows, with numerical results given in the right picture of Figure 4 .11, a difference can be noticed in comparison to the normal stress results. Although slightly better results of the shear stress are obtained for FENE-D i , FENE-D α than FENE-P to FENE, the FENE-DS gives much more accurate results than the others. From Figure 4 .12, which plots the PDF of FENE (left) and FENE-D (right) when r = 40, we can find the explanation for such contrasting behavior between the shear and normal stresses in FENE models. First of all, we see that the stretching of FENE-D in Figure 4 .12 is larger than that of FENE even though α is zero numerically, i.e., FENE-D has a smaller concentration at the origin than FENE. This means that FENE-DS, which uses an approximation around the origin, is better than the others for the shear stress, but not for normal stress which is mainly caused by the molecular stretching. Conversely, the other systems provide better normal stress than FENE-DS. Especially, FENE-D α is much better than the others in estimating the normal stress. Next, we show the normal stress for extensional flow with the flow rates, κ 11 = −κ 22 = r, κ 12 = κ 21 = 0, 10 ≤ r ≤ 30 in Figure 4 .13. As shown before in section 4.2, the shear stress for simple extensional flows is zero. Hence we omit the comparison of the shear stress for simple extensional flows. Due to the demand of higher computational resolution and numerical stability in the Chapman-Kolmogorov simulation for r > 25, we approximate the results by replacing the PDF with a δ-function for the stress in (2.4) which are labeled by δ-function in Figure 4 .13. This is justified by the fact that the asymptotic form of the PDF for simple extensional flow is a δ-function as the flow rate goes to infinity (see Appendix 5) . From the Figure 4 .13, we see that FENE-D α performs in the same way as the FENE-P as discussed in Remark 3.1, and captures the behavior of the original problem (the "δ-function" case).
Finally, we noticed from our numerical experiments, sometime, one can increase the accuracy of FENE-P results by slightly make Q 0 smaller. However this is purely empirical and there is not standard/methods to obtain such a modification. From this point of view, our closure method is based on an analytical derivation with the original Q 0 and at the same time achieve the desired accuracy.
Conclusions.
In this study, we introduce a new PDF ansatz (3.1), which is based on the PDF (2.9) studied in [5, 22] for small flow rate, together with the δ-function like behavior for large flow rate to establish a new hybrid closure system using moment-closure approximation procedure for FENE spring potential. Since we cannot have an exact equation for the macroscopic stress for this FENE spring potential, it is necessary to use an approximation of FENE spring potential and has a great advantage to obtain a closure system. The new moment-closure system can indeed be viewed as a closure with respect to the stress variables (via the moments). It also satisfies an energy law and the first order term agrees with that of the original free energy (3.34). One of the important factors for PDF modeling in this study is the tracking of the peak points using new variable α = (α 1 , α 2 ) in two dimension. For these new variables, we found two additional equations using the first order moments. Our approach is more natural than some of the closure relations previously studied in the literature and as a result, we achieve more detailed and accurate results, in comparison with other closure models, such as the FENE-P, which we regard as a benchmark for FENE problems in simple shear and extensional flows and excellent results in large extensional flows. The results for tracking peak position obtained by additional equations (3.24), (3.25) into new closure system are shown to be very effective in the numerical experiments. The simulation also revealed some interesting behavior of the PDF: in some cases the appearance of four peaks for very large velocity gradients was observed, and in some other cases, the peak solutions act as saddle points to PDF. Overall, the new closure model generally offers a good agreement on stress computation for a very wide range of flow conditions and it is a significant enhancement to the existing works on the closure models for FENE fluids.
There are many unanswered questions in the closure approaches for various micromacro coupling models. In this study, the coupled system (3.10)-(3.14), (3.24) , and (3.25) is presented which involves the macroscopic flow field interactions, but our simulations are mostly concentrated on the given flow field situations. The interactions with flow field are naturally of great interests and this is currently under investigation. In addition, further benchmark studies are needed to better quantify the accuracy and efficiency issues, as well as analytical studies to better understand the sources of errors.
Appendices. We include two lengthy, but important computations in the appendix. The computations are crucial to demonstrate the feasibility of the closure procedure. It is due to the first computation that we can express the 4th order moments in terms of the second order ones. In the second computation, for extensional flow, we give a rigorous justification of the δ-function like behavior of the PDFs in large flow rate situations.
Appendix A. The 4th order moments. As a reference we present explicit forms of the 4th order moments in the PDF (3.1). These equations are used in derivation of moment-closure system (4.3)-(4.5) and the induced stress tensor (3.23) . Also, these are used in numerical simulations. We omit the simply but lengthy calculations, we have < Q 4 > = 8(α 
